In this paper, we study the static bending and free vibration of cross-ply laminated composite plates using sinusoidal deformation theory. The plate kinematics is based on the recently proposed Carrera Uni ed Formulation (CUF), and the eld variables are discretized with the non-uniform rational B-splines within the framework of isogeometric analysis (IGA). The proposed approach allows the construction of higher-order smooth functions with less computational e ort. Moreover, within the framework of IGA, the geometry is represented exactly by the Non-Uniform Rational B-Splines (NURBS) and the isoparametric concept is used to de ne the eld variables. On the other hand, the CUF allows for a systematic study of two dimensional plate formulations. The combination of the IGA with the CUF allows for a very accurate prediction of the eld variables. The static bending and free vibration of thin and moderately thick laminated plates are studied. The present approach also su ers from shear locking when lower order functions are employed and shear locking is suppressed by introducing a modi cation factor. The e ectiveness of the formulation is demonstrated through numerical examples.
Introduction
The need for high strength-to-weight and high sti nessto-weight ratio materials has led to the development of laminated composite materials. Typical laminated composites consist of layers of brous composite materials, which are combined to provide required engineering properties, such as in-plane sti ness, bending sti ness and coe cient of thermal expansion. This class of material has seen increasing utilization in structural elements, because of the possibility to tailor the properties to optimize the structural response. Some of the advantages exhibited by composite over alloys are light weight, reduced corrosion, reduced noise generation, lack of magnetic signature and shape adaptability. Moreover, by changing the orientation of the bre between the laminae various coupling e ects can be achieved, such as extension-shear, bendtwist and bend-extension. In the literature, di erent approaches have been employed to study the response of such laminated composite plates, ranging from complete 3D analysis to two-dimensional theories. Recently, a formulation based on three-dimensional consistency is being investigated [1, 2] . The main advantage of such a formulation is that it does not su er from the shear locking syndrome and the through-thickness behaviour is represented analytically, whilst the in-plane behaviour can be described by any displacement-based formulations. However, in this paper, we restrict ourselves to conventional two dimensional plate theories. A brief overview of the development of di erent plate theories is given in [3, 4] . The various two dimensional plate theories can be further classi ed into three di erent approaches: (a) equivalent single layer theories [5] , (b) discrete layer theories [6] and (c) mixed plate theory [7] . Among these, the equivalent single layer (ESL) theories, viz., the rst order shear deformation theory [8] , the second and the higher order accurate theory [5, 9] are the most popular theories employed to describe the plate kinematics. Although the plate kinematics can be described by various aforementioned theories, a systematic study on the in uence of various theories on the structural response of laminated plates could be computationally intensive. Thanks to the recent deriva-tion of a series of axiomatic approaches by Carrera [10] , called the Carrera Uni ed Formulation [11] , for the general description of two-dimensional formulations for multilayered plates and shells. With this uni ed formulation, it is possible to implement in a single software a series of hierarchical formulations, thus a ording a systematic assessment of di erent theories, ranging from simple equivalent single layer models up to higher order layerwise descriptions. Ferreira et al., [12, 13] studied the static and dynamic response of isotropic and cross-ply laminated composites by employing the uni ed formulation and the di erential quadrature method.
Existing approaches in the literature to study plate and shell structures made up of laminated composites include the nite di erence method [14] , the singular convolution method [15] , the nite element method based on Lagrange basis functions [16] , non-uniform rational B splines (NURBS) [17] , meshfree methods [18, 19] or the di erential quadrature method [20, 21] . Not only do these approaches su er from shear locking when applied to thin plates, these techniques do not provide a single platform to test the performance of various theories. Recent interest in the uni ed formulation has led to the development of discrete models such as those based on the nite element method [22, 23] , and more recently, meshless methods [19] . Nevertheless, even with the uni ed framework, there is an important shortcoming when applied to thin plates. With lower order basis functions within the nite element framework, the formulation su ers from shear locking. Intensive research over the past decades has led to the development of robust methods to suppress the shear locking syndrome. These includes: (a) reduced integration [24] ; (b) use of the assumed strain method [25] ; (c) using eld redistributed shape functions [26] ; (d) the mixed interpolation tensorial components (MITC) technique with strain smoothing [27] and (e) very recently, the twist Kirchho plate element [28] .
. Objective
The main objective of this manuscript is to investigate the potential application of the NURBS-based isogeometricnite element method within the Carrera Uni ed Formulation (CUF) to study the global response of cross-ply laminated composites. The present formulation also su ers from shear locking when lower order basis functions are applied to thin plates. To address the shear locking problem with lower-order NURBS elements for plates, the introduction of a stabilization technique for shear locking has been studied [29] . The other approach to suppress shear locking is to employ higher order basis functions [30] . In this study, to alleviate shear locking, a simple modi cation is made to the shear term when lower order NURBS basis functions are used. However, the draw back of this approach is that the shear correction factor becomes problem dependent. The in uence of various parameters, viz., the ply thickness, the ply orientation, the plate geometry, the material properties and the boundary conditions on the global response is studied numerically.
. Outline
The paper commences with a brief discussion on the unied formulation for plates and the description of spatial discretization. Section 3 describes the isogeometric approach employed in this study, followed by a technique to address shear locking when lower order NURBS functions are used to discretize the eld variables. The e ciency of the present formulation, numerical results and parametric studies are presented in Section 4, followed by concluding remarks in the last section.
Carrera Uni ed Formulation . Basis of the CUF
Let us consider a laminated plate composed of perfectly bonded layers with coordinates x, y along the inplane directions and z along the thickness direction of the whole plate, while z k is the thickness of the k th layer. The CUF is a useful tool to implement a large number of two-dimensional models with the description at the layer level as the starting point. By following the axiomatic modelling approach, the displacements u(x, y, z) = (u(x, y, z), v(x, y, z), w(x, y, z)) are written according to the general expansion as:
where F(z) are known functions to model the thickness distribution of the unknowns and N is the order of the expansion assumed for the through-thickness behaviour. By varying the free parameter N, a hierarchical series of twodimensional models is obtained. The strains are related to the displacement eld via the geometrical relations:
where the subscript G indicates the geometrical equations, and Dp, Dnp and Dnz are di erential operators given by:
The 3D constitutive equations are given as:
with
where the subscript C indicates the constitutive equations.
The Principle of Virtual Displacements (PVD) for a multilayered plate subjected to mechanical loads is written as:
where ρ k is the mass density of the k th layer, Ω k , A k are the integration domains in the (x, y) and the z direction, respectively. Upon substituting the geometric relations (Equation (2)), the constitutive relations (Equation (4)) and the uni ed formulation into the PVD statement, we have:
After integration by parts, the governing equations for the plate are obtained: (8) and in the case of free vibrations, we have:
where the fundamental nucleus K kτs uu is:
and M kτs is the fundamental nucleus for the inertial term given by:
where P k uτ are variationally consistent loads with applied pressure. For a more detailed derivation and for the explicit form of the fundamental nuclei, interested readers are referred to [11, 31] .
Non-uniform rational B-splines
In this study, the nite element approximation uses the NURBS basis functions. Here we give only a brief introduction to NURBS. More details on their use in FEM are given in [32] . The key ingredients in the construction of NURBS basis functions are: the knot vector (a non decreasing sequence of parameter values, ξ i ≤ ξ i+ , i = , , · · · , m − ), the control points P i , the degree of the curve p and the weight associated with a control point, w. The i th B-spline basis function of degree p, denoted by N i,p , is de ned as:
The B-spline basis functions have the following properties: (i) non-negativity, (ii) partition of unity,
(iii) interpolatory at the end points. As the same set of functions is also used to represent the geometry, the exact representation of the geometry is preserved. It should be noted that the continuity of the spline functions can be tailored to the needs of the problem. Also, the spline function has limited support. When employed to approximate the FE solution space, the resulting sti ness matrix has similar properties to the sti ness matrix computed by employing Lagrange shape functions. Given n + control points (Po, P , · · · , Pn) and a knot vector Ξ = {ηo , η , · · · , ηm}, the piecewise polynomial B-spline curve of degree p is dened as:
where P i are the control points. A B-spline curve contains the following information: n + control points, m + knots and a degree p. It is noted that n, m and p must satisfy m = n + p + . The B-spline functions also provide a variety of re nement algorithms, which are essential when employing B-spline functions to discretize the unknown elds. The analogous h and p re nement can be done by the process of 'knot insertion' and 'order elevation'. The B-spline surfaces are de ned by the tensor product of the basis functions in two parametric dimensions ξ and η with two knot vectors, one in each dimension:
where The NURBS surface is then de ned by:
where w(ξ , η) is the weighting function. The displacement eld, uτ(x, y) (see Equation (1)) within the control mesh is approximated by:
where qτ(x, y) are the nodal variables and R(ξ , η) are the basis functions given by Equation (16) . Similar to thenite element method based on Lagrange basis functions, locking appears when lower order NURBS basis functions are employed [30, 33] , for example with quadratic, cubic and quartic elements¹. One approach to alleviate the shear locking is to employ interpolation functions of order 5 or higher [30] , but this inevitably increases the computational cost. A stabilization technique for several lowerorder NURBS elements for plates was reported in [29] . In this paper, we adopt a stabilization technique proposed in [34] and later used in [33] to study the response of Reissner-Mindlin plates. In this approach, the material matrix related to shear terms are multiplied by the following factor:
where is the largest length of the edges of the NURBS element, and α is a positive constant limited to values . ≤ α ≤ . . From numerical experiments of NURBS-based isogeometric plate elements it is found that setting α = 0.1, yields reasonably accurate solutions.
Numerical Results
In this section, we present the static response and the natural frequencies of laminated composite plates using the combined IGA and CUF framework. In this study, we use a hybrid displacement assumption, where the in-plane displacements u and v are expressed as sinusoidal expan- 
where uo, vo and wo are translations of a point at the midsurface of the plate, w is the higher order translation, and u , v , u and v denote rotations [35] . The e ect of the plate aspect ratio, the ply angle and the ratio of Young's modulus E /E on the static bending and free vibration is numerically studied.
. Static bending
The static analysis is conducted for cross-ply laminated plates with three and four layers under the following sinusoidal load:
where Po is the amplitude of the mechanical load. The origin of the coordinate system is located at the lower left corner of the midplane. The physical quantities are nondimensionalized by the following relations, unless otherwise mentioned:
Validation
Before proceeding with a detailed numerical study of the e ect of various parameters on the global response of cross-ply laminated composites, the results from the proposed formulation are compared with available results pertaining to static bending of laminated plates. In this study, we consider three orders of NURBS basis functions, viz., quadratic, cubic and quartic. It is noted that, in this study, we do not consider rst order NURBS basis functions. This is because, the rst order NURBS basis functions are similar to the conventional bilinear shape functions. The performance of which is discussed in detail in [22, 23] . In this study, the results from the present formulation are denoted by Quadratic, Cubic and Quartic, which corresponds to the order of shape functions employed, referred to as p−re nement. Three di erent mesh discretizations, viz., 5×5, 7×7 and 9×9 are considered, called h−re nement. Table 1 shows the convergence of the central de ection and stresses of a simply supported crossply laminated square plate. It can be seen that with both h− and p−re nement, the results from the present formulation converge, and that highly accurate results are obtained from the present formulation even with a coarse mesh. A comparison with other approaches and an elasticity solution is given in Table 2 . 
Method
Meshes Table 2 . We compare the results with higher order plate theories [5, 37] , a rst order theory [38] , an exact solution [36] and also with the strain smoothing approach with SINUS-W2. The e ect of the plate thickness is also shown in Table 2 . It is shown clearly that the rst order shear deformation theories (FSDT) cannot be used for thick laminates. Further, it can be seen that the results from the present formulation are in very good agreement with those in the literature and very precise transverse displacement and stress values are obtained. • ) is considered. It is simply supported at all edges and subjected to a sinusoidal vertical pressure of the form given by Equation (20) . The material properties for this example are: E =132.38 GPa, E = E =10.756 GPa, G =3.606 GPa, G = G = 5.6537 GPa, ν = ν = 0.24, ν = 0.49. In Table 3 , we present results for the SINUS-W2 theory with an isogeometric approach with quadratic, cubic and quartic NURBS basis functions having a 9×9 NURBS patch. The results from the present formulation are compared with the analytical solution [10, 39] and the MITC4 formulation with and without strain smoothing [22, 23] . It can be seen that the numerical results from the present formulation are in good agreement with the existing solutions. Moreover, it is noted that with the isogeometric approach, the geometry of the domain can be represented exactly. Although only a simple geometry is considered, the proposed formulation can easily be extended to complex geometies. The main features of the present formulation are: (1) theories from ESL to higher order layer descriptions can be implemented within a single program (since it is based on the CUF); (2) the isogeometric approach provides exibility to construct higher order smooth functions and provides accurate solutions even for a coarse NURBS mesh and (3) the present formulation is insensitive to shear locking.
. Free vibration -cross-ply laminated rectangular plates
Next, we study the fundamental frequencies of cross-ply laminated plates based on the proposed formulation. In this example, all layers of the laminate are assumed to be of the same thickness, density and made up of the same linear elastic material. The following material parameters are considered for each layer E E = 10,20,30, or 40; G = G = 0.6E ; G = 0.5E ; ν = 0.25.
The subscripts 1 and 2 denote the directions normal and the transverse to the bre direction in a lamina, which may be oriented at an angle with respect to the plate axes. The ply angle of each layer is measured from the global x−axis to the bre direction. The example considered is a simply supported square cross-ply laminated plate[
• ]s. The thickness and length of the plate are denoted by h and a, respectively. A thickness-to-span ratio of h/a = 0.2 is employed in the computations. In this study, we present the non-dimensionalized free exural frequencies as:
unless speci ed otherwise. Table 4 shows the convergence of the normalized fundamental frequency of a simply supported cross-ply laminated square plate based on the current isogeometric approach. The performance of various basis functions with NURBS mesh re nement is studied. It can be seen that, as expected with h− re nement, the solutions converge and with p− re nement, the accuracy increases for the same mesh size. Table 5 lists the fundamental frequency for a simply supported cross-ply laminated square plate with h/a = 0.2 and for di erent Young's modulus ratios, E /E . It can be seen that the results from the present formulation are in very close agreement with the values reported in [41] based on higher order theory, the meshfree results of Liew et al., [40] and Ferreira et al., which are based on FSDT and higher order theories with radial basis functions [42] . The e ect of plate thickness on the fundamental frequency is shown in Table 6 . It can be seen that the results agree with the results available in the literature. The present formulation is insensitive to shear locking. 
. Free vibration -cross-ply laminated circular plates
In this example, consider a circular four layer [θ/−θ/−θ/θ] laminated plate with fully clamped boundary conditions. The in uence of the ber orientations on the free vibration of a clamped circular laminated plate is studied. The following material properties are used:
The subscripts 1 and 2 denote the directions normal and the transverse to the bre direction in a lamina. The circular plate has a radius-to-thickness ratio of 5 (R/h =5). For this problem, a NURBS quadratic basis function is su ciently accurate to model the circular geometry. Any Table 7 . In this study, 13×13 NURBS cubic elements are used. The rst three fundamental frequencies for a clamped circular laminated plate are given in Table 8 . The bre orientation of each layer is considered to be the same, and the in uence of the bre orientation on the rst three fundamental frequencies is given in Table 8 . The numerical results from the present approach are compared with the moving least square differential quadrature method (MLSDQ), which is based on FSDT [40] and IGA with inverse trigonometric shear deformation theory [45] . It can be seen that the results from the present formulation agree well with the results in the literature. 
Conclusions
In this article, the isogeometric approach was combined with the uni ed formulation to study the static bending and the free vibration of laminated composites. The present approach allows us to achieve a smooth approximation of the unknown elds with arbitrary continuity. When employing lower order elements, the method su ers from the shear locking syndrome, which is alleviated by multiplying the shear term with a correction factor. The results from the present formulation are in very good agreement with the solutions available in the literature. We believe that the present formulation is an e ective compu- tational formulation for practical problems. On one hand, the uni ed formulation allows the user to test di erent theories within a single framework, and the isogeometric approach provides exibility in constructing higher-order smooth basis functions, and the geometry is accurately described.
